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Introduction
[2] Volcanic eruptions are commonly preceded by increasing rates of ground deformation and of local fracturing of the crust and volcanic edifice [Voight, 1988; McNutt, 1996; De la Cruz-Reyna and Reyes-Davila, 2001; Kilburn, 2003; Zobin, 2003; Roman and Cashman, 2006; Scandone and Giacomelli, 2008; Smith and Kilburn, 2010; Bell and Kilburn, 2011] . Ground deformation records the total strain, caused by distorting atomic bonds in intact rock (modeled as elastic deformation) and by inducing movements along discontinuities during local earthquakes, or volcanotectonic (VT) events (modeled as brittle deformation). VT events, in turn, record the amount of rock damage, which increases until a discontinuity can extend across the volume of crust being deformed. Subsequent movement of the throughgoing discontinuity is then associated with the eruption of ascending magma.
[3] A prevailing strategy for forecasting eruptions has been to quantify repeatable patterns in the contribution of brittle movements to total deformation. Previous studies have been based on empirical analyses of creep deformation, under constant load, as typified by the Voight relation for material failure [Voight, 1988 [Voight, , 1989 Cornelius and Scott, 1993] . A similar approach has been applied to investigating accelerations in ground movement before slope failure [Saito, 1968; Fukuzono, 1985; Voight, 1988; Kilburn and Petley, 2003] . Although creep deformation seems intuitively appropriate before slope failure, it is not evidently the dominant condition before volcanic eruptions, which appear to deform more commonly under an increase in magmatic pressure [Dzurisin, 2007] .
[4] Here laboratory data on rock fracturing are reanalyzed to propose a new physical model of brittle precursors to bulk failure and to extend studies to deformation under increasing stress. The results show that brittle deformation is controlled by a combination of the macroscopic distribution of applied stress, which determines the preferred locations of fracturing, and the distribution of supplied energy at the atomic level, which determines the probability that fracturing will occur. The results also show how loading conditions determine the patterns of contemporaneous time series for the number of fracture events and for deformation. This result is illustrated by a preliminary application to data from Kilauea, Hawaii, for which precursory signals appear to be controlled by an increase in applied stress, rather than by creep deformation under a constant stress.
Empirical Analyses

Trends From Laboratory Experiments
[5] Studies of the approach to bulk failure have focused on how parameters related to deformation and fracturing vary with time [Scholz, 2002; Mogi, 2007] . In the laboratory, localized cracking in rock is recorded using acoustic emissions (AEs), which are triggered by the formation and movement of discontinuities much smaller than the $1-10 cm dimensions of a sample. Since the pioneering experiments of the 1960s [Mogi, 1962; Scholz, 1968] , published AE studies for crustal rock have been concerned primarily with deformation in compression, normally under a constant load or an increasing load at a constant strain rate, and have confirmed the ubiquitous occurrence of AE before bulk failure at room temperature and confining pressures of as much as 200 MPa (depths of about 8 km), under dry and water-saturated conditions [Scholz, 1968; Hallbauer et al., 1973; Lockner et al., 1991; Lockner, 1995; Meredith et al., 1990; Zang et al., 1998; Lei et al., 2004; Benson et al., 2007; Mogi, 2007] , and in simulated volcanic environments to temperatures of at least 600°C [Rocchi et al., 2004; Burlini et al., 2007; Tuffen et al., 2008; Smith et al., 2009] .
[6] The time-dependent behavior of fracturing and strain in experiments resembles that recorded in the field [Fukuzono, 1985; Voight, 1988] and strongly suggests that analogous processes operate over the corresponding range of length scales. Indeed, analyses of multiscale data have produced numerous empirical expressions for describing fracturing and deformation before bulk failure, including Charles' law for the subcritical growth of cracks [Charles and Hillig, 1962] , the Saito-Fukuzono relation for ground movement before slope failure [Saito, 1968; Fukuzono, 1985] , and Voight's relation for geophysical precursors to volcanic eruptions [Voight, 1988] .
[7] Although derived from different data sets, the empirical expressions are alternative descriptions of the same underlying trends [Voight, 1988 [Voight, , 1989 Main, 1999] and can be illustrated by the Voight relation for accelerating creep before bulk failure, in which the acceleration and rate of change of a recorded parameter W are related as follows [Voight, 1988 [Voight, , 1989 ]:
where t is time, A is a constant, and the exponent a lies between 1 and 2. For deformation under constant stress, Voight [1988] proposed that the strain, number of fracturing events, and square root of seismic energy release (also called the Benioff strain) can vary in proportion to each other, so that W may be used to describe any of these parameters.
[8] Integration of equation (1) shows that rate of change of W with time increases exponentially when a = 1, but with a power law function of time when a > 1 [Voight, 1988] . Thus, for a = 1,
and for a > 1,
where (dW/dt) 0 denotes the rate of change of W at time t 0 . In equations (2) and (3), the parameters A and a determine how dW/dt changes with time, whereas (dW/dt) 0 primarily determines the magnitude of dW/dt. After rearrangement, equation (3) can be written in terms of the time of
. The rearranged expression is consistent with damage mechanics models [Main, 2000; Turcotte et al., 2003] , further supporting the view that equations (1)-(3) describe changes in rock damage before bulk failure.
[9] When Voight's model was first applied to investigate the approach to volcanic eruptions, a was assumed to remain constant throughout a given precursory sequence [Voight, 1988; Voight and Cornelius, 1991; Cornelius and Scott, 1993; Main, 1999] . Sequence-averaged values of a were typically found to be greater than 1 [Voight, 1988; Voight and Cornelius, 1991; Cornelius and Scott, 1993] and, as a result, precursory trends have tended to be analyzed preferentially in terms of power law functions of time [Main, 1999] .
[10] More recent studies of eruption precursors have relaxed the assumption of a constant value for a and, following the analysis of dome extrusions at Mount St. Helens by McGuire and Kilburn [1997] , have argued that a can evolve from 1 to 2 as fracturing proceeds [Kilburn and Voight, 1998; Kilburn, 2003; Smith et al., 2009; Bell and Kilburn, 2011] . Qualitatively, the evolution has been attributed to rates of VT seismicity being controlled initially by the rate of increase in the number of activated faults (to yield an exponential increase in the rate of precursory signal with time) and later, by the accelerating rate of movement among a preferred number of activated faults (to yield a power law function in the rate of precursory signal with time) [Kilburn and Voight, 1998; Kilburn, 2003] . Similar behavior has also been observed in rates of cracking before the bulk failure of rock in the laboratory (see section 2.2). Apparently, therefore, the popular power law models of precursors [Main, 1999 [Main, , 2000 Kilburn, 2003; Turcotte et al., 2003 ] are relevant only to the later stages of a full precursory sequence and do not account for the initial evolution of crustal fracturing before bulk failure. Hence, an outstanding goal to understand the approach to bulk failure is to quantify relations between empirical exponential trends, such as equation (2), and the physical conditions of deformation.
Loading Conditions and Time-Dependent Behavior
[11] By focusing on creep deformation, studies of prefailure accelerations have removed applied stress as a timerelated parameter. Time-dependent behavior has thus been attributed to a continued decrease in rock resistance under a constant load, caused by processes such as chemical corrosion by fluids [Anderson and Grew, 1977; Atkinson, 1984; Lockner, 1993; Main and Meredith, 1991] , or increases in pore pressure. However, accelerating rates of rock fracturing also occur under different loading conditions. For example, when heterogeneous and crystalline crustal rocks (Table 1) are deformed under an increasing load at a constant strain rate, AEs frequently occur sporadically or maintain an approximately constant rate until reaching a threshold strain, which typically is about 50% of the strain at bulk failure [Mogi, 1962 [Mogi, , 2007 Scholz, 1968; Meredith et al., 1990] , although values of 15%-75% have been observed [Meredith et al., 1990] . At strains above the threshold, the AEs tend to accelerate exponentially with time ( Figure 1 ) until the strain has reached $90%-95% of the value at bulk failure, after which the acceleration becomes nonexponential and may instead follow a power law function [Mogi, 1962 [Mogi, , 2007 Scholz, 1968; Ohnaka and Mogi, 1982; Meredith et al., 1990; Ojala et al., 2003] . The broad pattern therefore resembles that observed during accelerating creep (e.g., with a in equation (1) increasing from 1 to 2 as fracturing proceeds). However, unlike creep models, the strain and amount of fracturing cannot be assumed to change in proportion to each other. Analogous differences between changes in strain and recorded fracturing have also been observed before volcanic eruptions [Bell and Kilburn, 2011] (Figure 2 ). Thus, even if the Voight relation (equation (1)) may apply when setting W as the number of AEs, it does not apply if W is equated with strain (because the loading conditions impose a constant strain rate, so that the acceleration is zero and does not follow the relation in equation (1)).
[12] For noncreep loading, time-dependent fracturing and deformation have been introduced by changing the applied stress and so there is no immediate need to invoke mechanisms for reducing a rock's resistance. The increasing-load data thus provide an opportunity to investigate how brittle deformation is influenced by the intrinsic properties of rock, before including the effects of additional factors, such as the action of fluids. They will also provide insights into how physical conditions lead to the empirical descriptions of the approach to bulk failure.
Deformation Under Increasing Load
Variation of AEs With Stress and Strain
[13] It is not obvious that AE rates should show any preferred variation with time. For deformation under increasing load, this behavior is favored by the experimental constraint of a constant strain rate. Under simulated conditions for subvolcanic bedrock, sandstones and crystalline igneous rocks with vesicularities of a few vol % or less show quasi-elastic behavior (inelastic strain ≤ 5% of total strain) until the increase in AE rate becomes faster than exponential [Meredith et al., 1990; Lockner, 1998; Rocchi et al., 2004; Smith et al., 2009] . Within experimental precision, therefore, the exponential increases in AE rate with time can be viewed as a response to either a constant strain rate or constant load rate, that is, time Figure 1 . (top) Exponential increase in AE event rate with time (note the logarithmic scale for AE count rate). Data are for Shinkomatsu andesite at room temperature and pressure, loaded in compression at a nominal rate of 0.023 MPa s À1 . About 35 min after the start of the experiment, the AE rate converges on an exponential trend (gray dashed line), but follows a faster-than-exponential trend after about 67 min until bulk failure (vertical dashed line). Data from Ohnaka and Mogi [1982] , see also Table 1. (bottom) Exponential increase in cumulative number of AE events with differential applied stress. The best fit trends have the form Sn = a exp (bS). Respective values for a and b are 0.157 and 0.041 for Pottsville sandstone (diamonds), 0.014 and 0.054 for San Marcos gabbro (squares), 0.037 and 0.037 for Westerly granite (triangles), and 0.075 and 0.018 for Rutland quartzite. S in MPa. Data from Scholz [1968] , see Table 1 for experimental conditions. is a proxy measure for bulk deformation or applied differential stress. Hence, assuming that the total number of fracturing events is proportional to the total number, Sn, of AE [Scholz, 1968] , then dimensional reasoning indicates that an exponential dependence of Sn on bulk strain or stress must take the general form:
where S d is bulk differential stress, which takes a value of S dm when Sn = (Sn) m , S* is a characteristic stress, which will be identified below (Figure 3 ), the bulk strain ɛ ≈ S d /Y, ɛ* ≈ S*/Y; Y is Young's modulus for elastic deformation, and the subscript m defines maximum values at the end of the exponential sequence.
[14] For equation (4) to be physically meaningful, the reference terms S dm , S*, ɛ dm , and ɛ* must be material properties that can be determined independently. The cumulative number of events achieves its maximum value when S d = S dm and ɛ = ɛ m . Given that the maximum number of AEs are obtained shortly before bulk fracture, it follows that the strength s st and strain at bulk failure ɛ st are representative scales for S dm and ɛ m .
[15] The initial cumulative number of detected AEs is at least 10 À2 of its maximum value [Scholz, 1968; Ohnaka and Mogi, 1982; Meredith et al., 1990] , for which the exponents in equation (4) become approximately Àɛ m /ɛ* and ÀS m /S* and take values of À5 or less (e À5 ≈ 10 À2 ); S* and ɛ* must therefore be much less than S dm and ɛ m and so reflect a condition that is established before bulk failure. Noting that stress has units of energy per deformation per volume, an immediate possibility is that S* is a measure of the reference amount of deformation that exists among atoms before a differential stress is applied.
[16] The ideal spacing between atoms is defined at absolute zero temperature and zero confining pressure [Azároff, The signals are field-scale proxies for AE and strain. The tilt rate remains approximately constant (continuous line) until the second half of January 1971, when it increases to a higher rate, which is also approximately constant. In contrast, the VT event rate accelerates throughout the precursory interval and is well described by a daily rate that increases in proportion to e t/20 , where t is time in days since the start of the precursory sequence (the fitting of trends is discussed in detail by Bell and Kilburn [2011] ). Figure modified from Bell and Kilburn [2011] . Field data from Klein [1984] , Tilling et al. [1987] , and Lengliné et al. [2008] . Figure 3 . The characteristic stress, S* ≈ (3kTf + P C )/3, which reduces to S* ≈ kTf at atmospheric pressure (circles). Equality is shown by the broken line. Triangles show experiments at confining pressures between 10 and 200 MPa (Table 1) . The data at high P C suggest that the observed S* may be about 10% less than calculated values, but additional measurements are required to confirm this relation. Rock properties and experimental conditions are given in Table 1 and, for experiments under ambient conditions, the temperature was set at 293 K (20°C). Where error bars are not visible, the symbol is larger than the error. 1960]. The spacing changes at temperatures and confining pressures above zero and represents a deformation with respect to ideal conditions. The additional effect on atomic spacing due to a differential stress also depends on the departure from the ideal spacing before the stress is applied. Therefore, it is anticipated that the relative deformation due to applying a differential stress can be measured in terms of the quantity (Energy supplied per volume per deformation because of an applied differential stress)/(Energy stored per volume because of a temperature and pressure above zero).
[17] Previous experimental studies have noted a temperature dependence on the amount of AEs or inelastic strain produced by a particular applied stress [Lockner, 1998; Ojala et al., 2003] . The temperature dependence of S* will thus be considered first. The additional influence of confining pressure will be addressed in section 3.3.
[18] At temperatures above absolute zero, atoms absorb thermal energy (E th , which is also described as internal energy) and among solids, this energy allows atoms to adjust the distance from their neighbors and also to vibrate about their mean positions [Azároff, 1960] . For temperatures typical within Earth's crust (from surface to magmatic values), the internal energy per unit volume E th /V = 3kTf (J molecule À1 ) [Young, 1992] , where k is the Boltzmann constant (1.381 ). E th /V excludes the energy from any significant confining pressure. Therefore, as a first test, Figure 3 shows the variation of S* with E th /V for the experiments run at atmospheric pressure and temperature (see also Table 1 for experimental conditions). The data yield S* ≈ E th /3V = kTf and confirm that S* describes a physical rock property and is not an empirical constant; the corresponding quantity for ɛ* is kTf/Y.
Atomic and Macroscopic Controls on Brittle Deformation
[19] Substituting the representative scales for S dm and S*, equation (4) becomes
The term S d /kTf indicates that fracturing depends on how the supplied energy is accommodated at macroscopic and atomic scales (through S d and kTf, respectively). Macroscopically, the applied stress is distributed unevenly within a sample as a result of the geometry of loading and of heterogeneities in the rock, such as cracks and crystals with different mechanical properties [Scholz, 1968] . Elasticity theory treats material as a continuum and determines the local values and orientations of differential stress s d , which are considered to operate at points throughout the sample [Jaeger, 1969] . The values of s d lie along the rock's macroscopic stress-strain curve about a mean value of S d (Figure 4 ).
[20] Each macroscopic point describes an elementary volume V e , which, although it is much smaller than the volume of rock being deformed, nevertheless, consists of a large number of atoms. For example, common crustal rock contains $6 Â 10 27 atoms m À3 (determined from f and the data in Table 1 ), so that even at length scales of $10 nm, V e will contain $10 6 atoms. The properties calculated for a macroscopic point thus describe the average behavior of a large number of atoms within that point. Hence, if s d denotes an effective differential stress acting across an atom, then the local differential stress s d across V e represents the average value of s d within that elementary volume.
[21] The values of s d are imposed by macroscopic conditions, so that elementary volumes can be treated independently for determining the distribution of s d . When subjected to s d , the atoms within an elementary volume can absorb a range of additional energy determined by quantum-mechanical Figure 4 . (left) Relations between applied stress and resulting strain for rock (continuous curve) and for ideal elastic behavior (broken line). The difference between them, which is produced by movements along discontinuities, has been exaggerated for clarity. In response to loading conditions and rock heterogeneity, external stresses are distributed unevenly throughout a sample and cover a range of values (thick section of curve) about the mean S d , which corresponds to the value of the bulk applied differential stress. When S d exceeds a threshold value, some of the higher stresses about the mean will be metastable at values greater than the fracture stress (right end of curve). Bulk failure occurs when S d equals the fracture stress. See also Figure 5 . (middle) The frequency distribution of macroscopic point stresses s d is assumed to remain constant during episodes of exponential AE increase. The distribution is schematic for illustration. (right) Each macroscopic point contains a large population of atoms, among which the energy (e j = s j /f) added by an external stress is distributed according to the Boltzmann distribution (see also Figure 5 ).
constraints [Azároff, 1960; Reif, 1985; Young, 1992] . Assuming that each value in the range is equally likely to be selected (a fundamental postulate of statistical physics) [Reif, 1985] , a large number of possible combinations exist in which the additional energy can be distributed. However, because an elementary volume is also constrained to accommodate a fixed amount of total additional energy from s d (conservation of energy) among a fixed number of atoms (conservation of mass), it emerges that the number of atoms n j with an additional energy e j (associated with s d and defined below) is expected to be given by
where n 0 is the number of atoms that acquire the minimum additional energy e 0 .
[22] Equation (6) is an example of the classical Boltzmann distribution of molecular energy that underpins statistical physics [Boltzmann, 1872] and, as a result, it is also referred to as the canonical distribution [e.g., Reif, 1985, chap. 6 and 7; Ruhla, 1992, chap. 5; Guénault, 1995, chap. 2] . The distribution connects the macroscopic properties of materials to the statistical averages of a range of energy states at the atomic level. The particular energy states involved depend on the macroscopic properties being described, but well-known expressions based on the Boltzmann distribution include formulae for calculating gas pressure [Ruhla, 1992] , specific heat of solids [Einstein, 1907] , viscosity of liquids [Glasstone et al., 1941] , rates of chemical reactions [Glasstone et al., 1941; Frank-Kamenetski , 1969] , and the onset of thermal explosions in liquids and solids [Bowden and Yoffe, 1952] .
[23] Equation (6) contains no upper limit on the value of e j . The ideal distribution thus includes atoms that can acquire additional energies greater than the value e st associated with the breaking strength of a bond ( Figure 5 ). Such bonds are metastable and are expected to fail. Hence, for a given value of e j , the number of atoms n b with a broken bond is given by integrating equation (6) for e j ≥ e st to yield
The energy consumed in breaking bonds decreases the local stress acting over an elementary volume. The local stressdrop is recovered when the stress imposed on the whole rock remains unchanged or increases. Each elementary volume reestablishes a Boltzmann distribution of additional energy among its atoms, so that further bonds can break where the energy acquired exceeds e st . Hence, bonds continue to be broken until the externally imposed stress is reduced.
[24] The exponential terms in equations (5)- (7) are connected by relations between s d , s d , and S d . At the atomic scale, the energy e Dr required to change the spacing between atoms in a particular direction by an amount Dr is given by pr 0 2 (s i /2)Dr i , which is the product of the mean additional force (pr 0 2 (s i /2)) and change in equilibrium spacing (Dr i ), r 0 is the equilibrium spacing between atoms at temperature T before application of an external stress (when S d = 0), and the subscript i denotes the direction of the force. The effective differential stress, s d , is the difference between the highest and lowest principal stresses, s 1 À s 3 . Numerically, it is given by s 1 À s 3 = 8/3[(e Dr 1 /ɛ Dr 1 ) À (e Dr 3 /ɛ Dr3 )](3/4pr 0 3 ), which highlights that s d is proportional to the difference in energy per unit strain (ɛ Dr i = Dr i /r 0 ) per unit volume (4pr 0 3 /3) supplied along the directions of greatest and least principal stresses; in terms of difference in energy supplied per unit strain per atom, it can be expressed alternatively as s d /f, which, with dimensions of energy per atom, is identified with e j in equation (6).
[25] After manipulation and integration between n j = 0 and n 0 , equation (6) yields e j,av = kT + e 0 . Given that kT is constant for a particular episode of deformation, the term for minimum additional energy e 0 is seen to increase with e j,av , which is equivalent to the point stress s d . Substituting for e 0 in equation (7) S all a exp (a/kTf). Assuming that the distribution of s d about the mean remains the same during deformation, then the distribution of a must also remain the same, so that S all a exp (a/kTf) is a constant, K, for any given sample. Hence, substituting for s d yields
Figure 5. The Boltzmann distribution for the energy (e j = s j /f) added by an external stress to atoms within a macroscopic point. (top to bottom) As the stress s d increases, the distribution moves to larger values of e j while retaining the same overall shape. Bonds with e j larger than the breaking value are metastable and will eventually fail. The proportion of broken bonds is given by the ratio of the shaded area to the area of the whole distribution. (8) 
which are identical to the relations inferred from observation (equation (4)) and confirm that the evolution of brittle deformation is determined by the distribution of strain energy at the atomic scale, through S* and ɛ*, as well as macroscopically through S d and ɛ. Thus, elasticity theory describes the distribution of stresses and strains among macroscopic points and so identifies zones of stress concentration where local fracturing is expected (such as at crack tips). At the same time, the quantum behavior of atoms describes the distribution of additional energy within a macroscopic point and determines the probability that fracturing will occur at that point.
The Influence of Confining Pressure
[27] The ideal spacing between atoms is defined at zero confining pressure, P C , as well as at absolute zero. Before a differential stress is applied, therefore, the reference energy per unit volume that describes the deviation from ideal conditions is given by (E/V) + P C , so that a more complete expression for S* is (3kTf + P C )/3. At atmospheric pressure, P C /3 can be neglected (<0.0025 kTf), for which S* ≈ kTf, as before. The full expression for S* is consistent with additional experimental data for sandstone and igneous rocks under confining pressures of as much as 200 MPa (Figure 3 , Table 1 ). Equations (4) and (9) are thus expected to apply down to depths of at least 8 km (P C = 200 MPa).
Connecting Physical and Empirical Models
[28] Changes in the number or fracturing events with time can be obtained from equation (9) by explicitly incorporating the time dependence of applied stress. Thus, for a stress that increases linearly with time, S D = S init + K S t where S init is the differential stress at the start of observation and K S is the constant stress rate. Differentiating equation (9) with respect to time yields dSn/dt = (Sn
Equation (10) has the form of the Voight relation (equation (1)) for exponential trends (a = 1); indeed, the two become the same if W is equated with Sn and A with K S /S*, which indicates that A depends on the composition of the rock, the temperature, and confining pressure at which it is deformed (all contributing to S*), and on the rate of increase in applied stress (K S ).
[29] However, it is not evident that the equations should be equivalent, because they were determined for different sets of loading conditions. The simplest interpretation is that the Voight relation for accelerating creep can be applied to a wider range of loading conditions than originally proposed. If so, it follows that equation (10) and, hence, equation (9) may also be applicable to a broader range of loading conditions. For example, if rock resistance during creep is assumed to decrease linearly with time, such that the effective strength s st changes from its initial value s st,init as s st = s st,init À K w t (where K w is the constant rate of weakening), then equation (9) becomes Figure 6 . (left) Idealized stress-strain relations (solid curves) for compression under an increasing stress (curve 1) and a constant stress after a strain ɛ A has been exceeded (curve 2). Curve 1 deviates from the elastic trend (dashed line) by only a small amount until it is strained beyond position B; curve 2 deviates significantly when it is strained beyond position A. The amount of deviation is proportional to the total amount of fracturing. (middle) Under increasing stress, curve 1 shows elastic deformation without fracturing at strains less than the value at A, after which the amount of fracturing increases exponentially with strain and, beyond point B, at a rate that is faster than exponential (the dashed curve shows the extrapolation of the exponential trend). (right) For creep, curve 2 shows elastic deformation without fracturing at strains less than the value at A, after which the amount of fracturing increases in proportion with strain (which increases under a constant load). Points A and B show corresponding locations between the stress-strain and rate diagrams. K w t)/S*]. Hence, differentiating with respect to time as for equation (10) 
which is identical to the Voight relation for creep with a = 1, W ≡ Sn, and A ≡ K w /S*. In this case, therefore, A depends on the rate of rock weakening and on rock composition, temperature, and confining pressure.
[30] Equation (9) thus naturally yields exponential rates of rock fracturing with time before bulk failure in compression for at least two simple loading conditions: a load increasing at a constant rate of stress or strain and a constant load with a constant rate of rock weakening. The two loading conditions, however, are associated with different time-dependent changes in the accompanying rates of deformation. For accelerating creep, fracturing and deformation are expected to change in proportion to each other [Voight, 1988] , whereas fracturing rate increases exponentially with time when the rate of deformation is held constant. The differences in behavior can be explained by noting that the total strain ɛ is the sum of elastic ɛ el and inelastic ɛ in components and assuming that ɛ in is proportional to the total amount of fracturing (ɛ in = BSn, where B is a constant). Hence, ɛ = ɛ el + BSn and so deformation rate dɛ/dt becomes
For the experiments under increasing load, inelastic deformation is much smaller than the elastic component for strains less than about 90% of the strain at bulk failure (section 3; Figure 6 ). The strain rate is then well approximated by dɛ el /dt, which by definition is proportional to dS d /dt and so is constrained to be constant by experimental conditions. In contrast, deformation during creep is controlled by the inelastic component (Figure 6 ), so that the strain rate is well approximated by BdSn/dt ( = dɛ in /dt), yielding the expected proportionality between rates of strain and fracturing.
5. Discussion
The Locations of Activated Cracks in Laboratory Samples
[31] At atmospheric pressure, the parameters S* and ɛ* that characterize the exponential trends in equations (4) and (9) are proportional to a rock's internal energy and have been determined from the composition of a whole sample, rather than that of a particular mineral. Internal energy is inversely proportional to molecular weight. The average molecular weights lie between 0.27 and 0.37 kg mole À1 for the rock samples (Table 1 ) and between 0.12 and 0.90 kg mole À1 for individual mineral phases ( Table 2 ). The observation that average internal energy is a representative quantity thus suggests either that (1) the activation of discontinuities occurs preferentially in minerals with molecular weights also in the range 0.27-0.37 kg mole
À1
, which broadly corresponds with the feldspars that are a major component of the studied rocks (Table 2) , or (2) discontinuities are located throughout a sample independent of local composition and so the mean internal energy of the adjacent rock reflects the average value for the whole sample.
Application of Model to Damage Mechanics
[32] Equation (9) relates the number of cracking events to the bulk applied stress and bulk strain. An alternative description for relating cracking to bulk parameters utilizes the so-called damage parameter D, which describes the differences between observed and ideal elastic conditions through changes in the effective modulus of elasticity of cracked rock. Thus, if Y is the Young's modulus of uncracked rock, then the effective modulus Y′ for cracked rock is given by Y(1 À D) [Turcotte et al., 2003; Lemaitre and Desmorat, 2005] . Thus, the bulk strain ɛ = S D /Y′ and elastic strain ɛ el = S D /Y. Hence, because inelastic strain (ɛ in ) is the difference between the bulk and elastic strains, it follows that ɛ in = S D /Y′ À S D /Y = Dɛ, from which D = ɛ in /ɛ. Hence, for inelastic strain proportional to the total number of fracture events, equation (9) 
and, for the special condition of deformation under constant rates of strain
Application of Model to Different Scales and Stress Fields
[33] Internal energy and confining pressure do not depend on the scale of observation and so their appearance as controlling parameters suggests that the laboratory relations can be extended to larger length scales, provided that the model's assumptions about macroscopic behavior also remain valid. Application of the model must therefore satisfy the explicit assumptions that (1) discontinuities and mechanical heterogeneities in rock occupy volumes much smaller than the amount of rock being deformed, (2) the distribution of macroscopic stresses about the mean remains the same during deformation, and (3) the total amount of fracturing is proportional to the total number of detected fracturing events. [34] The first assumption is the most likely to be compromised and will fail when continuous, mechanically distinct zones occupy a significant fraction of the total volume. This may occur, for example, among samples that contain inclusions of specific minerals or, at the field scale, when the deforming crust contains significant zones that have been selectively altered, such as by thermal processes or reactions with circulating fluids in volcanic districts. They will also occur when the volume contains one or more throughgoing discontinuities before deformation begins. In all such cases, the overall variation of fracturing with stress or deformation may deviate from the expected exponential trend. The deviations, however, may appear as local anomalies within the volume being deformed, in which case it may be possible to remove them by using appropriate spatial-filtering techniques.
[35] Application of the exponential model must further satisfy the constraint that cracking is controlled by changes imposed on a rock and not by any self-feeding interactions among cracks. This constraint is implicit when attributing time-dependent behavior only to rates of change in applied stress or in effective rock weakening because it neglects the potential for fracturing itself to promote further fracturing without any change in imposed conditions. This potential is controlled by the accumulation of strain energy stored in rock surrounding a crack tip [Griffith, 1921] . As a crack grows under a constant or increasing applied stress, the strain energy stored ahead of its tip becomes larger. Eventually, the crack reaches a critical length, above which the amount of stored energy is large enough to promote further growth. At this stage, the crack can continue to grow unhindered, provided the applied stress does not decrease or the crack tip does not encounter an obstacle produced by mechanical heterogeneity. It is thus expected that, as cracks grow, the conditions for self-accelerating crack growth will be met before bulk failure.
[36] Indeed, the onset of self-accelerating cracking has been associated with two features that emerge shortly before bulk failure: (1) the appearance of faster-than-exponential increases in rates of fracturing [Kilburn, 2003] and (2) a change from distributed cracking throughout a sample to the localization of cracking within a small volume in which the eventual plane of failure develops as a sample fails [Hallbauer et al., 1973; Lockner et al., 1991] . A progression from exponential to faster-than-exponential trends suggests that the second trend has the potential of being described by an extension of the present analysis. This could possibly be accommodated quantitatively by applying mean-field theory to express the average additional energy available locally for crack growth [Main, 1991; Kilburn, 2003] and to incorporate the new term as an effective increase in the mean deforming stress in equation (9). The effect of localization could also be accommodated by adjusting the distribution of macroscopic stresses about the mean, provided that the new distribution remains the same until bulk failure (so satisfying assumption (2)). Such an extension of the present analysis will be considered elsewhere.
Using Time Series to Identify Loading Conditions
[37] Although the AE trends have been tested against experimental data in compression, their derivation has not required the stresses to be compressive, and so the results are expected to be applicable to other stress regimes. Indeed, the potential validity of the model for extensional deformation is implied by studies that have used the Voight relation to describe the behavior of crust being stretched at volcanoes before eruptions [Voight, 1988; De la Cruz-Reyna and Reyes-Davila, 2001; Kilburn, 2003; Smith et al., 2009; Bell and Kilburn, 2011] .
[38] When applied stress or rock resistance vary linearly with time, equation (9) yields the rates of fracturing and strain observed during deformation under increasing load and during accelerating creep (section 4). Equation (9) may thus represent a parent relation from which time series for fracturing and strain can be forecast if the general time dependence of loading and weakening are known. For example, if f(t S ) and g(t w ) denote the variation of applied stress and rock weakening with time, equation (9) can be used to infer
In principle, equation (13) may describe complex changes in fracturing with time, according to the particular forms of f(t S ) and g(t w ). However, modeling by Main [2000] and experiments on sandstone by Ojala et al. [2003] have shown that combined failure by corrosion (controlling g(t w )) under approximately constant loading rates (controlling f(t S )) can also yield simple trends that, similar to Voight's model (equation 1), are consistent with either exponential or power function increases in the rate of cracking with time.
[39] Conversely, the combined behavior of fracturing and deformation with time has the potential for inferring the type of loading when the stress-strain conditions are not known beforehand. Thus, as illustrated in Figure 6 , a similar type of time dependence for both fracturing and strain would be consistent with rock creep, whereas the combination of an exponential increase in the rate of fracturing and constant rate of strain would indicate deformation under an increasing stress.
[40] For example, Bell and Kilburn [2011] found that, of the 57 seismic precursory sequences recorded before eruptions and intrusions at Kilauea, Hawaii, between 1960 and 1983 , almost one-third were characterized by exponential increases with time in the numbers of VT events (analogous to AE). A comparable data set has yet to be compiled of contemporaneous rates of deformation. However, suitable data were obtained for deformation during four of the exponential seismic increases and all indicated an approximately constant strain rate. Figure 2 shows a representative example from the eruption on 4 February 1972. Compared with Figure 6 , the pairs of observed trends suggest that, in these particular cases, the precursory trends were controlled by an increase in applied stress, rather than by creep failure.
Conclusion
[41] At pressures and temperatures that occur in at least the upper 8 km of the crust, including volcanic environments, mechanically heterogeneous, crystalline rocks may deform and fracture at an accelerating rate as they approach bulk failure. For constant rates of compression, the amount of fracturing commonly increases exponentially with applied stress or total strain for strains between a few tens of percent and about 90% of the value at bulk failure. The exponential behavior is controlled by quantum constraints in distributing energy among atoms (equations (6) and (7)) and appears macroscopically when the local stresses maintain a similar distribution about their mean value (equivalent to the applied differential stress; Figure 5 ). The term characterizing the exponential trend (denoted by S* or ɛ* in equation (9)) depends on rock composition, temperature, and confining pressure, whereas the rate of fracturing depends, in addition, on the time rate of change of applied stress or rock resistance (equations (10) and (11)).
[42] The exponential trend between fracturing and stress or strain appears to be robust, independent of silicate rock composition, confining pressure, water saturation, and strain rate. Hence, subject to the constraints identified in section 5.2 (notably that discontinuities are much smaller than the volume being deformed, are distributed randomly in all directions, and do not interact with each other), equation (9) is also expected to apply (1) to all length scales and so be relevant to field studies, as well as to laboratory conditions, and (2) to failure in stress fields other than compression. The model, however, has been tested here only with experimental data for compressional failure at constant load rate or strain rate (Table 1) and, by analogy with the Voight relation (equation (1)), also under a constant load. A preliminary application to seismic and deformation trends before eruptions and intrusions in Hawaii (compiled by Bell and Kilburn [2011] ) suggests that exponential trends in the numbers of precursory VT events are consistent with deformation under an increasing stress, rather than by creep. Further verification is required from experiments on a wider range of rock composition and deformation histories, as well as on data obtained in the field. Once the limits of validity have been established, complementary expressions can be developed for quantifying relations between fracturing, stress, and strain under a broader range of conditions.
